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1.

(a)

Let € > 0. As f is uniformly continuous on A, there exists 6 > 0 such
that z,y € A satisfying |[x—y| < ¢ implies | f(z)—f(y)| < e. As (x,)is
cauchy, there exists N € N such that n, m > N implies |z, —z,,| < 0.
Then, if n,m > N, we have x,,, 2., € A and |2, — x| < 0, so that
| f(zn) — f(2m)| < € by uniform continuity. This shows that f(z,) is
cauchy. O

No. Let A = (0,00), , = 1/n and f(x) = 1/z. Then (x,) C A is
cauchy, f is continuous on A but f(x,) = n is not cauchy. O

Let = be a limit point of E. Then there exists a sequence (zy,)
contained in F \ {z} such that z,, — x. Take any A € A. Then (z,,)
is contained in E) as E C FE, so z is a limit point of F\, and as it is
closed, it follows that € E\. But A was arbitrary so z € E, which
shows that E is closed. O

Let = be a limit point of E. Then there exists a sequence (zj,)
contained in F \ {z} such that =, — x. For each n € N, z,, € E; for
some ¢ € {1,2,...,m}. In fact, there exists an ig € {1,2,...,m} such
that Ej;, containes an infinite number of elements of the sequence
(xn) (if not the sequence would be finite). Let (z,,) denote the
subsequence of (z,,) obtained by deleting every term not in F;,. As
there are infinitely many terms left this subsequence is well defined.
Now, x, — x as n — oo implies z,, — x as k — 00, and we know

that (x,, ) is contained in E;, \ {z}, so z is a limit point for F;,, but
it is closed so x € E;, C E. This shows that E is closed. O
No, ;. [1/n,1] = (0,1]. 0

By uniform convergence (using the definition for e = 1 and n = N),
there exists an N € N such that |fy(x) — f(z)] < 1forallz € A. fn
is bounded on A, so there exists M > 0 such that |fx(z)| < M for
all 2 € A. Then, |f(x)| = |(z) — fn(x) + fw(@)] < [F(2) — ()] +
|fn(z)| <1+ M, which shows that f is bounded. O

By uniform convergence, there exists an N € N such that foralln > N
and z € A it follows that |f,(z) — f(x)] < 1. As f is bounded,
there exists M’ > 0 such that |f(z)] < M’ for all z € A. Then
[fn(@)] = [fn(z) = f(z) + f(@)] < |fu(x) = f(2)] +[f(2)] <1+ M.
Hence |fn(z)] < 1+ M’ for alln > N and x € A, to get the remaining
n we just use the boundedness of those and take the maximum of the
bounds. For n < N, f, is bounded so there exists M,, > 0 such that
[fn(2)] < M,. Let M = max{My, Ms,...,My_1,1+ M'}. To show
that this indeed works, let n € N and x € A arbitrary. If n > N,
|[fo(z)| <1+ M < M, ifn <N, |f,(x)] <M, <M. This shows
that |fn(z)| < M for alln € N and z € A. O



4. (a) The pointwise limit f equals 0 if || < 1 and 1 if z = +1. Each
fn is continuous on A while f is not, hence the convergence is not
uniform. U

(b) The pointwise limit f is the zero function, and the convergence is
uniform. To see this, observe that |f,(x) — f(z)| = |%| < g
Let € > 0, as 5~ — 0, there exists N € N such that n > N implies
7= < €. Then, if n > N and = € R, it follows that |f,(z) — f(z)| <

5 < €, which shows that the convergence is uniform on R. O

(¢) The pointwise limit is the zero function, but the convergence is not
uniform, to prove this we use the sequential criterion for non-uniform
convergence. Let ny = k and z;, = € — 1. Then nj — oo as k — 0o
and (zj,) € A. Then |fn, (zr) — f(zr)| = tlog(eF —1+1) =% =1
for all k € N, so the convergence is not uniform on [0, c0). O

5. (a) For any z € [0,1], we have |z"sin (n7z)/n?| < 1/n? and . 1/n?
converges, so the series converges uniformly on [0, 1] by the M-test.
Each f, is also continuous on [0,1] so f is continuous on [0,1] by
uniform convergence.

(b) Let zg € [0,1). Pick R € R such that g < R < 1. Then for any
z € [0, R], observe that

n—1gj n n—1
()] = na" ! sin (nﬂ'a:)n—g nma™ cos (nmx) _ xn \sin (nz) + 72 cos (na)|
Rn—l Rn_1
< (|sin (nwz) 4+ m|x|| cos (nmzx)|) < (1+7R)
n

and Y R:l (1 + 7R) converges by comparison with the geometric
series >" R""1(1 + 7R), so >_ f!(x) converges uniformly on [0, R],
hence f is differentiable on [0, R] so also at xg. But z¢ € [0, 1) was

arbitrary so this shows that f is differentiable on [0, 1).

6. (a) Let P be a partition of [0,1]. Then for any subinterval [zp_1,xk],
there exists an « € [0,1] such that f(z) = 0,somy = inf {f(x) : ¢ € [xp—1,2x]} =
0, this shows that L(f, P) = 0.

(b) in the interval [¢/2,1], f has a finite number of discontinuities, say
M. These occur at x =1,1/2,...,1/M. Then consider

e 1 e 1 € 1 e 1
Pe=0g s~ mru oy o
For which it follows that U(f, P.) < e.
(¢) from (a) and (b) it follows that f is integrable on [0, 1], so fol f=
L(f) =sup{L(f,P): Pe P} =sup{0: P € P} =0.
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